We investigate strong nonlinear damping effects which occur during high amplitude oscillations of neutron stars, and the gravitational waves they produce. For this, we use a general relativistic nonlinear hydrodynamics code in conjunction with a fixed spacetime (Cowling approximation) and a polytropic equation of state (EOS). Gravitational waves are estimated using the quadrupole formula. Our main interest are l = m = 2 f modes subject to the CFS (Chandrasekhar, Friedman, Schutz) instability, but we also investigate axisymmetric and quasiradial modes. We study various models to determine the influence of rotation rate and EOS. We find that axisymmetric oscillations at high amplitudes are predominantly damped by shock formation, while the nonaxisymmetric f modes are mainly damped by wave breaking and, for rapidly rotating models, coupling to nonaxisymmetric inertial modes. From the observed nonlinear damping, we derive upper limits for the saturation amplitude of CFS-unstable f modes. Finally, we estimate that the corresponding gravitational waves for an oscillation amplitude at the upper limit should be detectable with the advanced LIGO and VIRGO interferometers at distances above 10 Mpc. This strongly depends on the stellar model, in particular on the mode frequency.
I. INTRODUCTION
As a consequence of Einstein's theory of relativity, it is predicted that the violent nonradial pulsations excited immediately after the birth of a rotating proto-neutron star result in the emission of significant amounts of gravitational radiation. In addition, it has been discovered by Chandrasekhar [1] and Friedman & Schutz [2, 3] that certain pulsation modes of rotating relativistic stars may grow exponentially due to gravitational radiation backreaction, especially if the proto-neutron star is rapidly rotating; this is the so-called CFS instability.
The exact amount of energy emitted by the stable oscillations of neutron stars in the form of gravitational waves is actually unknown and depends uniquely on the initial conditions. The stable stellar pulsations will emit gravitational waves which are detectable only if the neutron star is in our galaxy or in the most optimal case in the nearby ones [4] . Thus, the cases in which these oscillations become unstable are of special interest for gravitational wave astronomy, since the corresponding gravitational waves will be detectable even for sources in the nearby galactic clusters. It has been suggested that the detection of gravitational waves from pulsating neutron stars will allow the study of their interior, see [5] [6] [7] . It is expected that the identification of specific pulsation frequencies in the observational data will reveal the properties of matter at densities that currently cannot be probed by any other experiment.
The study of the dynamics of fast rotating neutron stars in a general relativistic framework was practically impossible until recently. The main reason why linear theory failed is the form and the size of the relevant perturbation equations. Thus, it is not surprising that the first results for the oscillations of fast rotating stars were derived by using evolutions of the nonlinear equations, see [8] [9] [10] [11] . Still most of these studies were purely axisymmetric and thus there was a significant influence of rotation on the oscillation spectra only for very high rotation rates. The CFS instability on the other hand is active only for nonaxisymmetric perturbations. In the last two years there was a significant progress in the study of nonaxisymmetric perturbations, for the first time in a general relativistic framework, using both perturbation theory [7, [12] [13] [14] and nonlinear evolutions of coupled hydrodynamic and Einstein equations [15] .
For the case of r modes, the CFS instability is active for any rotation rate [16] [17] [18] [19] [20] . In practice the unstable r modes will be excited even for slowly rotating stars if they are hot enough (T > 10 7 K), so that the instability growth time is shorter than the shear viscosity damping time. Initially it was considered as a prime source for gravitational waves, but later more detailed studies on the effect of the magnetic field on the instability [21] , or the presence of hyperons in the core [22] , seriously questioned the potential of the instability. Detailed stud-ies suggested that the r mode is limited to very small amplitudes due to energy transfer to a large number of other inertial modes, in the form of a cascade, leading to an equilibrium distribution of mode amplitudes [23] . The small saturation values for the amplitude are supported by recent nonlinear estimations [24, 25] based on the drift, induced by the r modes, causing differential rotation. On the other hand, hydrodynamical simulations of limited resolution showed that an r mode of large initial amplitude does not decay appreciably over several dynamical timescales [26] , but on a longer timescale a catastrophic decay occurs [27] ; this indicates a transfer of energy to other modes due to nonlinear mode couplings, and suggests that a hydrodynamical instability may be operating. A specific resonant 3-mode coupling was identified in [28] as the cause of the instability and a perturbative analysis of the decay rate suggests a maximum dimensionless saturation amplitude α max < 10 −2 − 10 −3 . A new computation using second-order perturbation theory finds that the catastrophic decay seen in the hydrodynamical simulations [27, 28] can indeed be explained by a parametric instability operating in 3-mode couplings between the r mode and two other inertial modes [29] [30] [31] [32] [33] .
The CFS instability of the f modes (nonradial modes with no radial nodes, restored by pressure) can potentially be the strongest source for gravitational waves from isolated neutron stars. Although it was the first to be studied, already 30-years ago, it was forgotten because at that time it was nearly impossible to study rapidly rotating neutron stars in a general relativistic framework. Studies using Newtonian theory came to the disappointing conclusion that (in Newtonian theory) the l = m = 2 f mode is stable for rotation rates below the Kepler limit. The l = m = 4 f mode does become unstable, but the growth time is so long that viscosity severely limits the amplitudes, rendering the process unimportant for gravitational wave astronomy. Only in the late '90s, Stergioulas & Friedman [34] showed that for certain EOS the l = m = 2 f mode can become unstable in full GR (general relativity). Still, this study was left aside since no proper linear or nonlinear codes were available to deal with the perturbations of rapidly rotating neutron stars in GR.
If such an instability sets in, the star will emit copious amounts of gravitational radiation. First studies suggest that the signal may be detectable from distances as far as 15 Mpc for the current sensitivity of Virgo & LIGO, and from distances greater than 100 Mpc for the sensitivities of Advanced Virgo & LIGOs [35] [36] [37] . In the latter case the event rate of supernovas resulting in the creation of a proto-neutron star can be quite high, i.e. more than thousand per year. However, it should be noted that it is not clear what will be the initial rotation period of the collapsing core; it seems to depend strongly on the profile of the angular momentum distribution, the initial mass and angular momentum of the collapsing star, and also the strength of the magnetic field, which can slow down the newly born compact object quite efficiently. The hope is that still a number of supernova events, maybe 10 %, will produce rapidly rotating cores which can be subject to the CFS instability of the f modes. In any case, the next generation of gravitational wave detectors, such as Einstein Telescope (ET) [38] will be ideal for the detection of this type of instability [4] .
The two most recent hydrodynamical simulations [36, 37] (in the Newtonian limit and using an artificially increased post-Newtonian radiation-reaction potential) essentially confirm this picture. In [36] a differentially rotating, N = 1 polytropic model with a large β = T /|W | ∼ 0.2 . . . 0.26 was chosen as the initial equilibrium state (T is the rotational kinetic energy and |W | the gravitational binding energy). The main difference of this simulation compared to the ellipsoidal approximation [35] lies in the choice of the EOS. For N = 1 Newtonian polytropes it was argued that the secular evolution cannot lead to a stationary Dedekind-like state. Instead, the f -mode instability will continue to be active until all nonaxisymmetries are radiated away and an axisymmetric shape is reached. In another recent simulation [37] , the initial state was chosen to be a uniformly rotating, N = 0.5 polytropic model with T /|W | ∼ 0.18. Again, the main conclusions reached in [35] were confirmed, however the assumption of uniform initial rotation limits the available angular momentum that can be radiated away, leading to a detectable signal only out to about 40 Mpc. The star appears to be driven towards a Dedekind-like state, but after about 10 dynamical periods, the shape is disrupted by growing short-wavelength motions, which are explained by a shearing type instability such as the elliptic flow instability [39] .
The recent progress [7, [12] [13] [14] [15] , demonstrates that the problem can be handled properly, which should allow to answer the following questions: First, has the unstable mode any chance to be excited? Second, what is the instability window of the mode? Third, what are the exact rotation rates at the onset of the instability for the various EOS? And finally, what is the maximum amplitude that the mode may reach before saturated by nonlinear phenomena, e.g. mode coupling, mass loss, or shock formation? In this work we try to answer the last question. In particular, we investigate nonlinear effects active at oscillation amplitudes sufficiently large to allow a detection of sources at distances greater than 1 Mpc. Since our methods are not restricted to a certain mode, we map out nonlinear effects occurring for axisymmetric modes as well. The latter also serves as a numerically less expensive test case to calibrate our code.
The question about the saturation amplitude of the f -mode instability is a major one that has to be answered since it may completely eliminate the importance of this instability. In this article we present a systematic study of nonlinear damping effects for different amplitudes, rotation rates, and equations of state. For this, we use a nonlinear general relativistic evolution code named pizza [10, 11] . Up to now it has been successfully tested on small amplitude stable oscillations of rapidly rotating neutron stars and self-gravitating tori. After a number of improvements the code is well suited to follow even large amplitude oscillations of rotating stars, such as those excited during the saturation phase of the f -mode instability. A similar study has been performed for the r-mode instability in [27] , where an artificially excited r mode was left to evolve. The amplitude of the r mode seemed initially to decrease slowly but then it decayed catastrophically. The decay time was found to be amplitude dependent and the effect attributed to three mode coupling.
The structure of the paper is as follows. First we describe the numerical methods in Sec. II. In Sec. III, we introduce the stellar models and physical problems we studied. The numerical results are presented in Sec. IV. The main results on the damping and detectability of the CFS-unstable f mode can be found in Sec. IV E and IV H, and a summary is given in Sec. V.
Throughout the paper we use geometrical units c = G = 1. Greek indices run from 0 . . . 3, Latin indices from 1 . . . 3. We denote the lowest order quasi radial mode by F , the axisymmetric fundamental pressure modes (f modes) by l f 0 , and nonaxisymmetric ones by l f m , where m > 0 refers to the counter-rotating modes.
II. NUMERICAL METHOD A. Time evolution
For our simulations, we use the pizza code described in [10] . It evolves the general relativistic nonlinear hydrodynamic evolution equations for an ideal fluid without magnetic fields, while keeping the spacetime metric fixed (Cowling approximation).
The hydrodynamic equations in covariant form are
The stress energy tensor T µν of an ideal fluid is given by
where ρ, h, and u µ are the rest mass density, relativistic specific enthalpy, and 4-velocity of the fluid; g µν is the metric tensor of signature (−, +, +, +).
The covariant equations can be written as a first order system of hyperbolic evolution equations in conservation form with source terms:
For our study, it is important to use a conservative formulation, because it ensures correct shock wave propagation speeds when evolved by means of a finite volume scheme.
The evolved hydrodynamic variables are
where γ is the determinant of the 3-metric, v i the 3-velocity, and W the corresponding Lorentz factor. In the Newtonian limit using Cartesian coordinates, D, E, and S i reduce to mass density, energy density, and momentum density.
The flux terms
where w i = u i /u 0 is the coordinate velocity of the fluid and α the lapse function. The evolution equations need to be completed by an equation of state (EOS) to compute the pressure. We choose a polytropic EOS defined by
where ρ p is a constant density scale, and the constant Γ is the polytropic exponent. When assuming a one-parametric EOS, the evolution equations (4) are over-determined. Therefore, we do not evolve the energy density E, but recompute it from the remaining variables and the EOS. The physical implications will be discussed in the next subsection.
The above formulation is used by many modern relativistic codes. For a review, we refer to [40] . Like most codes, the pizza code is based on a HRSC (high resolution shock capturing) scheme, which was however optimized for quasistationary simulations. The difference to standard HRSC schemes is that source and flux terms are treated more consistently, making use of a special formulation of the source terms in Eq. (4). As a consequence, the code is able to preserve a stationary star to high accuracy. For details, see [10] .
One of the weak points of current relativistic hydrodynamic schemes is the treatment of the stellar surface, where the numerical schemes designed for the interior would break down without further measures. The most common remedy is to enforce an artificial atmosphere of low density. The original pizza code described in [10] used a different workaround, which works perfectly for low amplitude oscillations. Unfortunately, we found that it yields unsatisfactory results for high amplitude oscillations in conjunction with a stiff EOS.
For the results in this article, we used yet another method of treating the surface. In short, it is based on a smooth transition of the numerical flux, between the formally correct expression at and above a certain density, and a flux which causes no acceleration at zero density. The local density scale for the beginning of the transition is computed from the local gravity, using an expression which corresponds to the average density gradient of the stationary model near the stellar surface times the grid spacing. No artificial atmosphere is used. To prevent negative densities, the flux is limited. The details of the scheme will be described in a forthcoming publication. We just note that the evolution below the aforementioned density scale is still plain wrong, like it is the case with other common schemes. Due to the low densities involved, the huge local errors at the surface have only limited impact on the global evolution. Nevertheless, the surface is an important source of numerical errors for this study, in particular with regard to the numerical damping.
The code has been tested on shock tube problems, linear oscillations of neutron stars, see [10, 11, 41] , and recently with self-gravitating relativistic tori. On the timescales of the simulations presented here, the code is able to evolve the stationary background model without significant changes in density or rotation profile. In contrast to codes using artificial atmospheres, our code exactly conserves the total mass.
We use Cartesian grids for three-dimensional simulations, cylindrical coordinates for two-dimensional ones, and spherical coordinates for one-dimensional problems. The rigidly rotating models are evolved in the corotating frame. To save computation time, we further assume equatorial symmetry. Finally, we apply vacuum outer boundary conditions, such that any material hitting the outer boundary is lost, and monitor the total mass to detect this case.
B. Treatment of shock waves
For some of our results, shock formation plays an important role. The use of a polytropic EOS then becomes one of the main limitations, as will be explained in the following.
For any ideal fluid system with a two-parametric EOS, the physically correct solution evolves adiabatically as long as there are no shock waves present. For initial data which is isentropic, the evolution in the absence of shocks is thus the same as for an one-parametric EOS corresponding to a curve of constant specific entropy of the two-parametric EOS.
The polytropic EOS used in our simulations are the curves of constant specific entropy of the ideal gas EOS given by
where is the specific internal energy and Γ matches the polytropic exponent. Our simulations are therefore equivalent to the case of an ideal gas EOS with isentropic initial data, until shock waves form. Hence we can accurately predict the onset of shock formation.
After the shocks form, using the polytropic EOS becomes unphysical. Formally, the reduced system of evolution equations for the polytropic case admits solutions with discontinuities. However those differ from realistic shock waves in two aspects: there is no entropy production, i.e. shock heating, and the local conservation of energy is violated.
Nevertheless, we also present results based on the evolution after shock formation. For this, we make the assumption that the main difference between shock solutions for hot and cold EOS is that the kinetic energy converted into heat for the correct solution is simply lost when using the cold EOS, while the evolution of the density profile remains similar. Although this is clearly a strong simplification, the results may serve as a first estimate.
The reason why we do not simply use the ideal gas EOS is purely technical: the version of our code which is capable of evolving two-parametric EOSs is using a method of treating the surface which is not well suited for high amplitude oscillations. Fortunately, the only results depending on evolutions beyond shock formation are the damping times of axisymmetric oscillations, but not the critical amplitudes for the onset of shock formation; for the nonaxisymmetric oscillations, no significant shocks occur, and hence the use of the polytropic EOS is perfectly valid there.
C. Estimating the gravitational wave amplitude
To extract gravitational waves, we use the multipole formalism for Newtonian sources, as described in [42] . In this formalism, the radiation field at distance r far away from the source is expanded in terms of spin tensor harmonics
and the total gravitational luminosity is given by
In the Newtonian limit, the coefficients of the radiation field multipole expansion can be expressed in terms of the mass-and current-multipoles of the source
with the multipole moments given by
The above integrals are defined in the inertial frame, and Y lm B denotes the vector spherical harmonics of magnetic type.
The error induced by using the above formulas for sources as relativistic as neutron stars is difficult to estimate analytically. In [43] , results using the quadrupole formula are compared with direct wave extraction methods for the case of a pulsating neutron star model, finding an error around 10-20 % in the strain amplitude.
However, this error does not directly carry over to our results. The reason is that besides neglecting relativistic corrections, another error arises from the ambiguity of choosing a coordinate system for strongly curved spacetimes. This depends not only on the model, but also on the gauge choices made when computing the initial data. To get a rough estimate for the deviation from Euclidean geometry, we compute
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where R e and R p are the equatorial and polar coordinate radius, while R pe , R pp , and R circ are the proper equatorial radius, proper polar radius, and equatorial circumferential radius. From this average quantities we estimate the error of the multipole moments by assuming that the radius r in Eq. (18) and Eq. (19) is wrong by a constant factor η r , in the sense that the correct value is in the range [r/η r , rη r ], and that the volume element d 3 x is wrong by a factor of η 4 . We further set η r to the maximum over η 1...3 and the reciprocal values.
In consequence, the strain amplitude (which is mainly due to the l = 2 mass multipoles) would be wrong by a factor η t = η 2 r η 4 . While for most of our models, η t is in the range 1.2-2, it is as big as 13 in one case. This shows how dangerous it is to generalize error bounds for the quadrupole formula computed for a "typical" neutron star model.
Our estimate does not take into account the possibility that large cancellations occur in the integrals for the multipole moments. In this study, this affects the quasiradial F -mode oscillations, in particular for slowly rotating stars. For those, we do not compute the error; to obtain robust results, fully relativistic studies are needed.
To implement the above formalism, we compute the multipole moments in the corotating frame used in our simulations. For the current multipoles, we nevertheless use the inertial frame velocity in the integrals. It is straightforward to show that the multipole moments in the inertial frame are given by
where q lm and J lm are the multipole moments computed in the corotating frame defined by φ = φ − Ωt, with Ω being the angular velocity of the star. The multipole moments are computed during the evolution with a sampling rate of 75 kHz. When evaluating time derivatives of 2nd order or higher, special care has to be taken to avoid amplification of high frequency numerical noise. For this, we first apply numerical smoothing by convolution of the time series with a Blackman window function. Derivatives up to 3rd order are then computed using cubic splines. For derivatives of 4th and 5th order, we first compute the 3rd derivative and than apply the whole scheme again.
We computed the frequency response function of the resulting scheme, which effectively cuts off contributions to the gravitational wave (GW) signal above 10 kHz. In the frequency range of the actual signal, the loss of strain amplitude due to the smoothing stays below 15 %.
Although only the l = 2 mass multipoles are important for our problems, we generally compute all mass multipole moments up to l = 4, and the current multipoles with m ≥ 2, l ≤ 4,
The second important error for the strain, beside the use of the multipole formula, is due to the Cowling approximation, which is known to cause a significant error in the oscillation frequencies. Given an estimate for the inertial frame frequencyf i of a harmonic oscillation in full GR, one can approximate the strain amplitudeÂ
where f i and A
E2
20 are frequency and strain amplitude in the Cowling approximation.
D. Measuring dissipation
In order to measure the damping of oscillations, we monitor the evolution of an average corotating velocity defined byv
where α and β i are lapse function and shift vector. Since we are working in the corotating frame, v i c is a corotating velocity.
This measure is zero if and only if the fluid velocity is everywhere the same as for the unperturbed stationary star. For the nonrotating case in the Newtonian limit,v is also directly related to the total kinetic energy. As long as there is only one dominant oscillation mode, the decay ofv is a measure for the decay of the mode amplitude. On the other hand, it is not sensitive to energy transfer from one oscillation mode to another.
From the evolution, we extract three quantities.
• The initial amplitude A I =v(0).
• The final amplitude. Sincev is oscillating, we use the maximum amplitude during the last oscillation cycle,
where T e is the time over which we evolved the system and T 0 is the period of the oscillation mode used to perturb the system.
• The timescale τ of the initial decay ofv, which we define as
where T 0 is the oscillation period of the mode used for perturbation, and ∆T = 4T 0 .
To detect the presence of shocks, we make use of the fact that there exists a conserved energy when using the Cowling approximation, given by
More precisely, E c is conserved for smooth and weak solutions of Eq. (1). As mentioned, shock solutions of the reduced system of equations used with a one-parametric EOS violate the local energy conservation, and thus the conservation of E c . Thus, any change of E c points to the existence of shock waves.
E. Computing eigenfunctions and eigenfrequencies
To extract eigenfunctions, we use the mode recycling method described in [9] . In short, we perturb the star using a generic perturbation to excite different modes and extract their frequencies using Fourier analysis. Then we extract a first guess of the eigenfunction by evaluating at each point of the numerical grid the Fourier integral of specific energy and velocity perturbations at the frequency of the desired mode.
The estimate of the eigenfunction obtained in this way is in general still contaminated with other modes, due to the finite evolution time. Therefore, additional simulations are performed, using the eigenfunction obtained in the previous step as initial perturbation, until only the desired oscillation mode is present in the evolution.
We further improved this scheme by making use of the fact that for any axisymmetric star, the eigenfunctions of , v d , v z , and v θ can be written in the form
The two-dimensional eigenfunction δˆ (d, z) is real-valued and has a well defined z-parity. The constant β is an irrelevant complex phase. The Fourier analysis of the numerical evolution yields an estimate for the complex-valued δ (d, z, φ). To obtain δˆ , we first compute the integral
Since we use Cartesian coordinates for nonaxisymmetric problems, this step involves interpolation. For this, a multidimensional cubic spline interpolation method is applied. Note we also increase the resolution by evaluating the above integral at finer intervals than the original grid spacing. Errors due to the presence of unwanted modes with different φ-dependency are strongly suppressed during the computation of δˆ c . This step is absolutely necessary to separate co-and counter-rotating modes for slowly rotating stars, since their frequencies approach each other.
It seems plausible to take the real or imaginary part of δˆ c as estimate for the eigenfunction. However, this is a bad idea since the phase is arbitrary, which can lead to strong suppression of the actual eigenfunction with respect to numerical errors. It is preferable to remove the complex phase factor, using the expression
It is easy to see that this equation holds for the correct eigenfunction, which has constant complex phase. In case of numerical errors, the above expression yields an averaged phase which is insensitive to the unavoidable phase errors near the nodes of the eigenfunction, as well as the errors at the stellar surface.
Since analytically the complex phase should be constant, we can convert it's variation into a measure for the quality of the numerical eigenfunction
It is easy to see that q = 0 for an exact eigenfunction and q = 1 in the worst case. Due to the density weight, q is a measure for the error of bulk motion, while errors at the surface are ignored. The complex phase of the velocity components is removed using the phase computed from δˆ c , taking into account the phase shift by π/2 of δv d , δv z with respect to δ , δv φ . The quality measure is computed for each of the velocity components separately.
Axisymmetric eigenfunctions are extracted from twodimensional simulations, in which case we do not need to evaluate Eq. (33) . Eigenfunctions of radial modes of spherical stars are computed using one-dimensional simulations at high resolutions. The eigenfunctions become one-dimensional and the integrals (34), (35) are replaced by integrals over the radial coordinate.
The eigenfunctions used in this study are only extracted once with a good resolution, and then used in all simulations, regardless of grid resolution or dimensionality. For this, linear interpolation is used to map the numerical eigenfunction to the desired resolution and coordinate system. This way, we can do convergence tests and comparisons between 2D and 3D simulations without worrying about differences in the eigenfunctions itself.
The frequencies are extracted using the time evolution of density and velocity at some sample point in the corotating frame, and of the multipole moments in the inertial frame defined in Sec. II C. For this, we fit an exponentially damped sinusoidal, which is usually more accurate than using the Fourier transform. The comparison between inertial and corotating frame is useful to identify m for unknown modes, and serves as a consistency check.
The frequencies in the inertial and corotating frame are related by
where f c is the frequency in the corotating frame, f i in the inertial frame, and F R is the rotation rate of the star. All frequencies are defined as positive and measured with respect to coordinate time. For our setups, F R and f i are also identical to the rotation rate and oscillation frequency observed at infinity, see Sec. II F. We define m such that m > 0 if the wave-patterns of the mode appear counterrotating in the corotating frame, and m < 0 for modes which are corotating in the corotating frame. Note a mode counter-rotating in the corotating frame appears corotating in the inertial frame if f c < mF R .
F. Setting up initial data
Our stellar models are rigidly rotating (and nonrotating) stationary configurations of an ideal fluid in general relativity, with a polytropic EOS defined by Eq. (12) . The models are characterized uniquely by central density ρ c , rotation rate F R , polytropic exponent Γ and polytropic density scale ρ p .
To compute the spacetime describing a rigidly rotating relativistic star, we use the code described in [44, 45] . This code is able to solve the full set of stationary Einstein and hydrostatic equations with high precision even for models rotating near the Kepler (mass shedding) limit.
For all simulations of a given model, we use one and the same spacetime which is computed once with a resolution of at least 100 points per stellar radius. The data is mapped onto the computational grid used in our simulations using linear interpolation. The shift vector is initialized such that we obtain coordinates corotating with the (rigidly) rotating star. For three-dimensional simulations, we apply the standard transformation from cylindrical to Cartesian coordinates.
To set up spherical stars, we use our own code to solve the ordinary differential equations derived by [46] (TOVequations). For two-or three-dimensional simulations, a standard transformation from spherical coordinates to cylindrical or Cartesian coordinates is applied.
We note that the line element found by the two methods is not exactly the same for a given nonrotating star due to different gauge choices. The line elements for the rotating model can be found in [44, 45] . For the simulation itself the choice of coordinates doesn't matter, since it is gauge invariant (up to numerical errors). It will however have an impact on the error of the GW extraction, as discussed in Sec. II C.
The time coordinate, which is only fixed up to a global factor, is normalized by the initial data codes such that α = 1 at infinity. Since the spacetime is stationary, any frequency measured with respect to coordinate time at a fixed point in the inertial coordinate frame is identical to the frequency observed at infinity.
To excite oscillations, we perturb specific energy and 3-velocity v i . Since we are using the Cowling approximation during evolution, we neither perturb the metric nor reinforce the constraint equations. In case the density becomes negative, which can happen near the surface, it is simply reset to zero. When perturbing with axisymmetric eigenfunctions, we have the freedom to choose the phase of the oscillation such that the initial density perturbation is zero, and perturb only the velocity. For nonaxisymmetric modes, both specific energy and velocity are perturbed.
III. PROBLEM SETUP
In order to study nonlinear effects, we perturb stationary neutron star models with various eigenfunctions, which are scaled to amplitudes ranging from the linear regime to the strongly nonlinear one, and let the system evolve long enough to observe strong damping effects. In detail, we study the F , f −2 modes. We use models with three different polytropic EOSs, which are summarized in Tab. I. The motivation behind our choice is to cover a wide range of stiffness, in order to demonstrate it's influence. EOS A was introduced in [47] as a rough polytropic approximation to the more realistic Pandharipande EOS as tabulated in [48] . It is the stiffest of our EOSs. The models with EOS B and C (not to be confused with B and C in [48] ) are generic toy models; EOS C is very soft, while EOS B is of medium stiffness. EOS B is often used as a reference point in numerical studies.
For each EOS, we investigate a nonrotating model as well as rigidly rotating models with various rotation rates, some close to the Kepler limit. Our models have gravitational (ADM) masses 1.4-1.9 M , which is in the range of observed neutron star masses. We checked that the nonrotating models are on the stable branch of the mass-radius diagram, and expect the same for the rotating ones. The central sound speed is 0.75 c for model MA100, 0.45 c for MB100, and 0.21 c for MC100. All our models are summarized in Tab. II.
Model MA65 is of particular astrophysical interest. As shown in Sec. IV A, the counter-rotating 2 f 2 mode is most probably subject to the CFS instability in full GR. We stress that the CFS instability is not active in the Cowling approximation. Even in full GR, it's growth timescale is on the order of seconds, and therefore irrelevant on the timescales of our simulations. However, it could provide a mechanism of exciting the high amplitudes investigated in this study, provided the instability is not suppressed already at much lower amplitudes due to viscosity or mode coupling effects.
The maximum amplitude of the initial perturbation is chosen such that during the evolution, the fluid stays inside a given region, which is usually twice as big as the bounding box of the star. Only for 3D simulations of model MA65, we had to restrict ourselves to an expansion factor of 1.6, because otherwise the corners of the corotating coordinate system would move with superluminal speed.
To excite high amplitude oscillations, we linearly scale the eigenfunctions of specific energy and 3-velocity, and add them to the background model. For axisymmetric simulations, the sign of the perturbation is chosen such that the first maximum of the x-velocity along the xaxis is positive. For nonaxisymmetric perturbations, the sign is irrelevant since changing the sign corresponds to a rotation. In the rest of this paper we refer to such a high amplitude perturbation based on the eigenfunction e.g. of the F mode simply as an F -mode perturbation.
Note that this choice is not unique. For example, one could scale the momentum density instead of the velocity, or change the sign of the perturbation. In the nonlinear regime, this will lead to small differences in the results. Also, our setups probably differ slightly from what one would obtain by letting a mode grow to high amplitudes by means of some physical instability or artificial backreaction force. The polytropic EOS used in our models, specified by polytropic constant Γ = 1 + 1/n and polytropic density scale ρp. The more commonly used polytropic constant 
IV. NUMERICAL RESULTS

A. Mode frequencies and eigenfunctions
As a prerequisite for our studies, we extracted the frequencies and eigenfunctions of various low-order axisymmetric and nonaxisymmetric pressure modes. All frequencies can be found in Tab. III. Based on convergence tests, including those in [10] , we are confident that the numerical error of the frequency is generally below 2 %.
We also compared our results to those obtained by [12] , where a linearized evolution code and Cowling approximation was used. The differences are below 1.2 % for models MA100, MA65, and below 0.6 % for models MB100, MB85, MB70, which is an excellent agreement. For the nonrotating models MC100 and MA100, the frequencies we extracted for the 2 f 0 and 2 f 2 modes (which are exactly the same analytically) agree better than 0.1 %.
For the extraction of nonaxisymmetric modes, the mode-recycling method is computationally very expensive, since it requires repeated 3D simulations over many oscillation periods. Therefore, we did not repeat the recycling step as often as for axisymmetric modes, and used a resolution of only 50 points per stellar radius, in contrast to 100-200 points for 2D simulations.
As a consequence, when using the nonaxisymmetric numeric eigenfunctions as a perturbation, other modes are sometimes excited as well, at amplitudes up to a few % of the desired mode. We believe that regarding the dynamics of the evolution, this error can be neglected in comparison to other numerical errors. When interpreting the GW signal on the other hand, it has to be taken into account.
In agreement with [12] , we find that the counterrotating 2 f 2 mode of model MA65 becomes corotating in the inertial frame. Although we are working in the Cowling approximation, this should be the case in full GR as well. As shown in [15] for similar models, dropping the Cowling approximation seems to lower the neutral point, i.e. the critical rotation rate where the counter-rotating f mode becomes corotating in the inertial frame. Therefore, the counter-rotating 2 f 2 mode of model MA65 is most probably CFS-unstable.
The eigenfunction of the 2 f 2 mode is shown in Figure 1 . Although model MA65 is rotating quite rapidly, the eigenfunction is only moderately deformed in comparison to the nonrotating model MA100 shown in Figure 2 . The main difference is that, compared to the inner region, the oscillation amplitude near the equator is increased. This is to be expected since the material is bound less strongly with increasing centrifugal force.
The eigenfunctions we found for stars with moderate rotation rates are well described by the slow-rotation limit, where the eigenfunctions are given by a spherical harmonic times some radial function. For the purpose of our study, it is more interesting to look at the rapidly rotating models.
One important observation with regard to GW emission is that for rapidly rotating models, the quasiradial F mode possesses a considerable quadrupole moment due to the oblateness of those stars. As an example, the quasiradial F mode of model MA65 is shown in Figure 3 . We have to stress that the figure shows the eigenfunction in the coordinate system set up by the initial data code. It would be easy to construct an asymptotically Euclidean coordinate system in which even a spherical star looks oblate. However, given that MA65 is rotating near the Kepler limit, we are confident that the deformation of the star and the eigenfunction is not mainly a coordinate artifact.
Another effect becomes important very close to the Kepler limit. As shown in Figure 4 , the 2 f 0 -mode eigenfunction of model MC65 is not only strongly deformed in comparison to the slow-rotation limit, it also develops very pronounced peaks near the equator. Looking at the bulk properties of mode, we find that the dynamics of the oscillation is still determined by the inner regions of the star, but a given amplitude in the interior induces much higher amplitudes near the equator. This is not surprising since the material there is only marginally bound for this model. As a consequence, oscillation modes of MC65 can store only little energy before nonlinear effects set in, as will be shown in Sec. IV B. In fact, we did not even succeed to obtain a clean eigenfunction of the F mode of this model, due to strong nonlinear couplings.
Since the GW luminosity depends strongly on the frequency, we have to estimate the influence of the Cowling approximation. Frequencies in Cowling approximation and full GR, computed by means of fully relativistic simulations, are given in [15] , for model MB100 and models similar to MA100 and MA65, amongst others. After adding an additional safety margin to account for the different models, we assume that we over-estimate the frequencies of the F modes by a factor of less than 2.5 and the 2 f 0 modes by a factor less than 1.5. Further, we assume that the frequency of the 2 f 2 mode of in the corotating frame is over-estimated by a factor < 1.3. For model MA65, this implies that the frequency in the inertial frame is under-estimated by a factor up to 2.3. For model MB70, we find that the 2 f 2 mode could become CFS-unstable in full GR, with an inertial frame frequency in the range 0-90 Hz.
B. Damping of axisymmetric modes
For all axisymmetric oscillations of all models, we find a common behavior at high amplitudes: if the initial amplitude exceeds a certain threshold, shock waves form in the outer layers of the star, which dissipate energy during a few oscillation cycles until the oscillation amplitude falls below the threshold again. After this phase, we usually observe only the numerical damping. In some cases, we also see mode coupling effects, which are however small compared to the strongest damping due to shocks.
The final amplitude can be smaller than the threshold, in particular for strong initial excitation. The final amplitude as a function of the initial one thus has a maximum for some modes. Figure 5 shows a typical evolution of the mean velocity in presence of shocks.
To detect shocks, we monitor the conserved energy E c defined by Eq. (30) . Figure 6 shows an example of energy dissipation in the presence of shocks. To investigate the details of shock formation, we produced movies from several of our simulations, showing the evolution of the density and velocity in the meridional plane. The shock formation was clearly visible for simulations with significant energy loss. For one-dimensional simulations, we also verified that shock formation and energy dissipation occur simultaneously. The shocks we observed formed in the outer layers of the star, but not directly at the surface.
To get an overview on the magnitude of nonlinear damping effects, we plot the final amplitude A F defined in Eq. (28) versus the initial amplitude A I . As an example, Figure 7 shows the results for the 2 f 0 mode of model MC85.
In general, we choose different evolution times for different sequences, such that the strong damping phase at high amplitudes (compare Figure 5) is included, but not much longer. We choose short evolution times because we are interested mainly in strong damping effects. In any case, we can only accurately measure damping effects acting on timescales significantly shorter than the timescale of numerical damping.
For each sequence, we extract the amplitude A D at which nonlinear damping effects become stronger than the numerical damping, given in Tab. IV. This amplitude is independent from the exact value of the evolution time. As discussed in Sec. II B, the onset of shock formation is predicted accurately despite the use of a cold (one-parametric) EOS. Therefore, the onset of nonlinear damping is not affected by this approximation neither.
The values we found for the F and 2 f 0 modes of the different models cover a wide range A D = 0.003 . . . 0.13 c. We will discuss the dependence on the model parameters in sections IV C and IV D. Naturally, the values of A D provide upper limits for the applicability of linear perturbation theory.
The final amplitude contains only information on how much the system is damped, but not how fast. To quantify the damping speed, we use the timescale τ of the initial decay defined in Eq. (29) . Figure 8 shows τ versus the initial amplitude A I for the case of the axisymmetric 2 f 0 mode of model MA65. We stress that the values of τ are affected by the use of a cold EOS, as discussed in Sec. II B, and should be regarded as an educated guess.
Not surprising, the damping becomes faster with increasing amplitude. By definition, τ is a measure for time averaged decay. More detailed investigation reveals that for the highest amplitudes, the larger part of the energy is dissipated on timescales smaller than the oscillation period during the formation of a strong, but short-lived shock.
The decay timescale can be used to estimate the required growth timescale of a hypothetical instability saturating at a given amplitude. We are not aware of any axisymmetric instability acting on timescales shorter than the numerical damping. For any process with longer growth times, the value A D provides an upper limit for the saturation amplitudes.
To estimate the numerical errors, we computed several sequences using 3 different resolutions. Note it is important to choose the sign of the perturbation consistently, since we observed differences in the nonlinear regime comparable to the numerical error at low resolution.
By far the greatest errors are found for the stiff EOS A. Figure 8 shows the convergence of the nonlinear damping timescale of the 2 f 0 mode of model MA65 as a representative example. To explain the behavior at low amplitudes, we note that when approaching the linear regime, the timescale of physical damping goes to infinity. In that case, we only see the numerical damping, which becomes weaker with increasing resolution. The stronger the damping, the more accurate is the value we find for τ .
For the soft EOS C, the numerical damping is extremely low. For a resolution of 100, we find timescales τ N > 800 ms in the linear regime. Also the nonlinear results match extremely well, as shown in Figure 7 . The accuracy of models with EOS B is in between the other two cases. Since the numerical damping is mainly given by surface effects, as shown in [10] , and the steepness of the density gradient at the surface increases with stiffness, this behavior is not surprising. To get a rough error estimate for simulations which we only ran at one resolution, we assume that the numerical damping observed in the linear regime for single oscillations is also operational at high amplitudes, acting on the same timescale τ D . We then scale our time series by exp(t/τ D ) to obtain corrected values for final amplitude A F and damping time τ .
To estimate the accuracy of three-dimensional simulations we also performed 3D simulation of axisymmetric modes at high amplitudes. We generally found a good agreement with the axisymmetric results for the same setup; see Figure 7 and Figure 8 . 
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C. Influence of the EOS on damping
To study the influence of the EOS, we use the nonrotating models MC100, MB100, MA100, which have similar masses, but EOSs of different stiffness.
The amount of nonlinear damping for the different models is shown in Figure 9 . The amplitudes A D at which nonlinear damping effects become visible is given in Tab. IV.
As one can see, the nonlinearity sets in one order of magnitude earlier for the EOS C, which is the softest one, than for EOS A, the stiffest one. Also the maximum final amplitude is the largest for the stiff EOS. Note that MA100 is 13 % heavier than MC100, which might account for part of the differences. Nevertheless, the masses of models MC100 and MB100 are exactly the same, and still the damping differs strongly. We conclude that with increasing stiffness of the EOS a neutron star (of a given mass) can store more energy in axisymmetric oscillations before strong damping sets in.
We believe that the onset of shock formation is determined mostly by the stiffness of the EOS in the density range of the outer layers of the star, since this is the region where the shocks form. However, this requires further investigation.
In Figure 10 , we plot the damping timescale for the different nonrotating models. At a given damping timescale, the possible oscillation amplitudes differ by roughly one order of magnitude. Further, the damping timescale at the highest possible amplitudes (before material starts leaving the computational domain) decreases with increasing stiffness, i.e. the damping is faster. 
FIG. 10: Initial damping timescale τ versus initial amplitude
AI , for the same simulations shown in Figure 9 . The solid gray lines are values corrected for the numerical damping. We only show amplitudes for which the difference is less than 50 %. For slower damping, the error of τ blows up quickly.
D. Influence of rotation on damping
To investigate the influence of rotation on axisymmetric modes, we first compare the models MC100, MC95, and MC85, which have same mass and EOS, but different rotation rates up to 90 % of the Kepler limit. The amount of damping for the F and 2 f 0 modes is shown in Figure 11 , and the damping timescales in Figure 12 . For the stiff EOS A, we compared nonrotating model MA100 with the rapidly rotating model MA65. Note however that MA65 is also 18 % heavier. The results are shown in Figure 13 .
The differences between models MC100 and MC95 are very small. For MC85 on the other hand, the nonlinear damping is significantly faster and stronger in comparison. The onset of nonlinearity occurs at slightly lower amplitudes for the F mode, while for the 2 f 0 modes we found no significant difference. Since the fluid is bound less strongly with increasing centrifugal force, an increase of nonlinearity at given amplitude is to be expected.
An extreme case is given by model MC65, which is rotating almost at breakup velocity. For this case nonlinear effects start much earlier than for MC85. For the 2 f 0 mode, nonlinear effects are definitely present for A I > 10 −4 . At an amplitude as low as A I = 1.5 · 10 −3 a fraction of 2 · 10 −5 of the total mass leaves the computational domain. We obviously observe what is called mass shedding induced damping, i.e. even small oscillations liberate mass near the equator. The same mechanism has already been observed in [8, 9] for models with EOS B. Since stars rotating so close to the Kepler limit are unlikely to occur in nature, we did not investigate this case further.
E. Damping of nonaxisymmetric modes
To study the evolution of nonaxisymmetric modes, we performed three-dimensional simulations of the counterrotating 2 f 2 mode of the rotating models MA65, MA100, MB70, and MC85. For model MA65, we also studied the corotating 2 f −2 mode. In contrast to the axisymmetric case, we did not observe any steep decrease of the conserved energy E c that would point to formation of strong shocks. We did how- ever observe a continuous decrease of the mean velocity and the l = m = 2 multipole moment. The dissipation of energy was considerably slower than the one observed in case of shock formation in axisymmetric oscillations, even for high perturbation amplitudes. Figures 14-17 show the damping timescale. For models MA65 and MB70, it proved difficult to disentangle physical and numerical damping, which are of comparable strength at the resolutions we could afford.
To estimate the error of the damping, we assume that the timescale of the numerical damping in the nonlinear regime is equal to the one observed in the linear regime. For the axisymmetric case described in Sec. IV B, this estimate agreed well with the convergence test results. For axisymmetric setups, we also proved that the code is as accurate in 3D as in 2D. As a further check, we compared resolutions of 50 and 75 points per stellar radius. The results are shown in Figure 14 to 16.
To identify the damping mechanism, we produced animations showing the density and velocity evolution in the equatorial plane as well as the meridional planes. For high amplitudes, we found that the wave-patterns traveling around the star become more and more nonsinusoidal towards the surface, where we observe effects similar to wave breaking in ocean waves. A snapshot is shown in Figure 18 and 19. We do not find any formation of shocks in the interior of the star, only at the surface in regions with densities around 10 −4 . . . 10 −3 times the central one. Note this also justifies the approximation of adiabatic evolution implied by the use of a polytropic EOS. For low amplitudes, the wave-patterns looked exactly like the eigenfunctions we used to excite the oscillation. One important dissipative mechanism at high amplitudes thus seems to be wave breaking at the surface. As will be shown in the next section, the 2 f 2 modes can also participate in mode coupling.
Since wave breaking is very difficult to resolve numerically, our results are probably not as accurate as the axisymmetric ones. More important, the surface of realistic neutron stars does not consist of a boundary between a cold fluid and vacuum, like in our models; there is either a solid crust or a hot envelope, and also a magnetic field. To compute the damping of the nonaxisymmetric modes correctly, it will be necessary to add a more detailed description of the surface to the numerical models.
Taking into account the strong deformation of the star, one also has to question the accuracy of the Cowling approximation. On the other hand, the gravitational field is mainly determined by the denser regions of the star, for which we observe much smaller deformations. We therefore assume that the error on the bulk motion of the star is comparable to the linear regime. This should be verified by means of a fully relativistic study.
F. Mode coupling
For the 2 f 2 modes of models MA65 and MB70, we found that beside wave breaking, mode coupling has a significant influence on the damping.
In the spectrogram shown in Figure 20 , one can easily spot mode coupling between the spectrum on a timescale as low as 4 ms.
The Fourier spectrum for amplitude A I = 0.04 c is shown in Figure 21 . Mode X is located at 1458 ± 50 Hz, the F mode at 3997±50 Hz, the 2 f 0 mode at 2590±50 Hz, and the 2 f 2 mode at 2912 ± 50 Hz. From this, we find two interesting resonances for the unknown mode. First, mode X is located at half the frequency of the 2 f 2 mode, measured in the corotating frame. Second, the frequency also equals (up to the resolution of the Fourier spectrum) the difference between the F and the 2 f 0 mode. The latter could be interpreted as a hint that the unidentified peak does not belong to a proper oscillation mode, but is a nonlinear harmonic instead, i.e. a typical feature of Fourier transforms in case of nonharmonic waveforms and nonlinear superpositions. However, the F mode is not present in the spectrum of v φ , and the 2 f 0 mode is neither present in the spectrum of v φ nor of v r , while the unknown peak is present in the spectra of v φ and v r . This supports the interpretation that the peak belongs to an actual oscil- lation mode, because the amplitude of a nonlinear harmonic in the Fourier spectrum of some quantity scales with the product of the amplitudes (in the same spectrum) of the modes producing the harmonic. However, it is still possible that the unidentified peak in the spectrum of the multipole q 20 is a nonlinear harmonic of the F and 2 f 0 modes, and thus unrelated to mode X. Since the frequency of the unidentified mode is in the inertial mode range, and well below the frequencies of the lowest order axisymmetric pressure modes, it is most probably an inertial mode. In order to identify the modes appearing for models MB70 and MA65, we first attempted mode recycling with axisymmetric simulations. However, the method did not converge. This does not necessarily mean that the mode is nonaxisymmetric. As described in [11] , extracting inertial modes using mode recycling is more difficult than for pressure modes. Nevertheless, several low-order inertial modes of model MB70 were identified in [11] ; none of them matches the frequency of the unknown mode. Since extracting inertial modes typically requires more recycling steps than pressure modes (due to the dense spectrum), and because the frequencies are lower, extracting nonaxisymmetric inertial modes is computationally expensive. Therefore, we only performed the first step, using an 2 f 2 -mode perturbation of model MA65 at amplitude A I = 0.04, for which we know that the unknown mode is strongly exited. The resulting three-dimensional numerical eigenfunction had predominantly a |m| = 2 φ-dependency. We tried extracting a two-dimensional eigenfunction assuming either m = +2 or m = −2, but obtained a big phase error (q ≈ 0.5), which typically points to a superposition of different modes of almost the same frequency. In our case, it seems that the unidentified peak actually consists of two high order inertial modes with m = ±2, although a clear identification will require additional mode recycling steps.
We note that the mode coupling is significantly stronger for resolution 75 than for resolution 50, which means the process is not well resolved numerically. In the aforementioned low-quality numerical eigenfunctions, we found structures smaller than one fifth of the stellar radius. Therefore, the excited inertial modes probably suffer from strong numerical damping, which suppresses the coupling at resolution N = 50. Further, the time evolution in presence of mode coupling effects typically depends strongly on the initial amplitudes of both modes, even if one amplitude is small. In our case, the unknown mode is probably seeded only by numerical errors; in real stars, the situation might be different. It is hence possible that the 2 f 2 mode decays even faster in reality than in our simulations.
Beside the inertial modes, the ple to the 2 f −2 mode as well, albeit less dramatic. This coupling will be discussed in Sec. IV G, since it interferes with the estimation of the GW strain. It is still unclear what the exact nature of the observed couplings is, and whether the mode coupling picture is adequate at such high amplitudes at all.
To measure the decay in presence of mode coupling,v is not useful because it is quite insensitive to transfer of energy between modes. However, we can use the dominant multipole moment of the mode, which for the 2 f 2 modes is the l = m = 2 mass multipole. In the Fourier spectra of q 22 , the dominant contribution is due to the 2 f 2 mode. By fitting a function q 0 exp(−t/τ m + iωt) to the initial evolution of the multipole moment q 22 , we obtain another damping timescale τ m .
While τ is a good measure for the overall energy dis- sipation, τ m is a measure for the decay of the 2 f 2 mode. Figure 22 shows a comparison between the two. As one can see, mode coupling is even more important for the decay of the 2 f 2 mode than dissipative effects, e.g. wave breaking.
At least this is the case for models MA65 and MB70; for the 2 f 2 mode of model MA100 and the 2 f −2 mode of model MA65, we do not observe mode coupling, while for model MC85 we observe weak coupling to a mode at one quarter of the (corotating) frequency of the 2 f 2 mode. What is the difference? In model MB70 and MA65, the coupled mode is an inertial mode which oscillates at 1 2 f c , with f c being the frequency of the 2 f 2 mode in the corotating frame. Since the inertial mode range is bounded by 2F R (see [11] ), where F R is the rotation rate of the TABLE V: Upper limits on the onset of nonlinearity, for nonaxisymmetric oscillation modes. AD is the initial amplitude AI at which nonlinear damping (including mode coupling effects) can be safely distinguished from the numerical damping. τ is an upper limit for the decay timescale of the mode at amplitude AD.
Model
Mode AD/(10 −3 c) τ /ms MC85 
Model MC85 (and MA100 anyway) rotates too slowly to satisfy this condition. The 1:4 resonance to an inertial mode on the other hand is possible for model MC85. Note the above condition automatically holds for CFSunstable 2 f 2 modes, for which f c < 2F R . It seems plausible that the coupling is also present at lower amplitudes, but evolves at longer timescales. To compute this timescale and thus a more stringent limit on the saturation amplitude of CFS-unstable 2 f 2 modes, perturbative studies are required.
The upper limits for the onset of nonlinearity and the corresponding damping timescales for the nonaxisymmetric modes are summarized in Tab. V. The mode coupling effects for models MA65 and MB70 are taken into account. Since the CFS instability of the
G. Gravitational luminosity
To estimate the GW production in our simulations, we use the multipole formalism described in Sec. II C. For each simulation, we plot the time evolution of the magnitude of the strain coefficients A E2 lm and A B2 lm , as shown in Figure 23 .
In general, the only significant contribution is due to the l = 2 mass multipoles q 22 or q 20 . Unless noted otherwise, one of the strain amplitudes A E2 20 or A E2 22 is strongly dominant, and will be denoted by A in the following. For the axisymmetric case, terms with m = 0 vanish.
For oscillations in the linear regime, the strain is proportional to the amplitude. We introduce a normalized mode strain A and luminosity L by
From the simulations with the lowest amplitudes, which are in the linear regime, we extracted A and L for each mode. The results are given in Tab. VI. The strain produced by the 2 f 2 mode of model MA65 is the lowest one of all modes. This is mainly due to the low frequency in the inertial frame. The corotating 2 f −2 mode produces a strain larger by a factor of 143 at the same amplitude; the ω 2 frequency dependency accounts for a factor of 77.
Since model MA65 is already close to the Kepler limit, the strain cannot be increased significantly by uniformly spinning up the star. It might however be possible to construct differentially rotating models for which the CFSunstable 2 f 2 modes have higher frequencies. The strain of the 2 f 2 mode of model MC85 is surprisingly high given that it's frequency is even lower than for model MA65. On the other hand, the radius of model MC85 is 5.1 times the one of MA65, which enhances the l = 2 multipole moments by a factor 25. We thus consider the high strain amplitude of model MC85 as a consequence of the unrealistically large radius.
Another noteworthy result is that the strain amplitudes of F modes of rapidly rotating stars are comparable to those of the 2 f 0 modes. As discussed in Sec. II C, cancellations in the integrands of the multipoles prevented us from computing a meaningful error estimate for the strain produced by the F modes. We nevertheless believe that at least for model MA65, the high strain amplitude of the F mode is not just an artifact due to the use of the quadrupole formula, but a genuine effect of the rapid rotation rate. However, this can only be verified by means of a fully relativistic study, using direct wave extraction methods. The question is relevant for GW astronomy because strong F -mode oscillations are likely to occur in a number of astrophysical scenarios.
An overview over the maximum GW strain observed in the nonlinear simulations of axisymmetric modes can be found in Figure 24 . As one can see, the maximum strain roughly scales with the amplitude; by simply extrapolating from the linear regime, one obtains an estimate which is correct up to a factor of 2 even for the highest amplitudes.
For each simulation, we computed the Fourier spectra of the strain to determine the frequency of the dominant contribution. Usually, the only significant contribution is due to the mode used for perturbation. For the 2 f 2 mode of MA65 on the other hand, we find that the GW strain is mainly due to the corotating f 0 modes by the ad hoc way in which we scale the eigenfunctions to high amplitudes; it would be surprising if only one mode was excited. The relative amplitudes could be totally different for the case of a 2 f 2 mode slowly grown to high amplitudes by the CFS mechanism.
To quantify the strain produced by the 2 f 2 mode alone, we fit a function q 0 exp(−t/τ m + iωt) to the q 22 multipole and then compute the strain from the multipole moment given by the fit. This way, we effectively filter out contributions of frequencies other than the one of the 2 f 2 mode. Note all the strains in the linear regime, given in Tab. VI, have been computed in the same way (for the axisymmetric modes, we use a damped sinusoidal since q 20 is real-valued).
The results for different amplitudes are shown in Figure 26 . Only 3-24% of the total strain is due to the main 2 f 2 mode. We stress that the total strain found for our setups is probably higher than the strain of a curately compute the latter, one needs to model carefully the growth of secondary coupled modes, even if they are dynamically unimportant.
For the 2 f 2 mode of model MB70, we qualitatively find the same picture as for model MA65. For the 2 f 2 mode of models MC85 and MA100, as well as the 2 f −2 mode of MA65, contribution of other modes to the GW strain are small. The strain at high amplitudes is shown in Figure 27 . Again, the extrapolation from the linear regime yields a rough estimate, correct up to a factor of 3.
H. Gravitational wave detectability
In the following, we estimate the prospects of detecting GW in the case of either a one-time strong excitation or a continuous excitation at lower amplitudes. First we investigate the continuous oscillation of one mode at saturation amplitude of some instability. Our primary interest here is the CFS instability of the 2 f 2 mode of model MA65. This instability has a growth time of seconds, which is longer than the timescale of the numerical damping. Therefore, we can only give upper limits on the saturation amplitude, namely the amplitude at which we definitely see nonlinear damping. The actual saturation amplitude may be much smaller. Figure 28 shows the gravitational strain at the observed onset of nonlinear damping for several oscillation modes. We plot the h θθ component given by Eq. (14) , assuming an optimal viewing angle. The general expression for the spin tensor harmonics can be found in [49] (note the standard notation of magnetic and electric type radiation is reversed there).
The detectability of sinusoidal GW signals depends not only on the strain amplitude, but also on the integration time. Effectively, the detectable amplitude scales with √ N , where N is the number of available wave cycles. For a continuous signal, this only depends on the detector and the computational resources for data analysis. If we assume at least a few hundred cycles, the 2 f 2 mode at the onset of strong damping is detectable with advanced LIGO at a distance of 10 Mpc. Under the assumption that the saturation amplitude of the CFS instability of the 2 f 2 mode is only limited by the strong damping effects investigated in this work, it would be possible to detect sources as far away as the Virgo galaxy cluster. To compute the actual saturation amplitude however, perturbative studies at lower amplitudes are needed.
The numbers above are valid for model MA65, which is an extreme case. Models rotating slightly slower will produce considerably lower strain. The reason is that the strain scales with the square of the mode frequency in the inertial frame, which for the 2 f 2 modes crosses zero when the rotation rate falls below the neutral point. Keeping mass, EOS, and mode amplitudev fixed, we can make an expansion of the strain amplitude A in terms of rotation rate F R near the neutral point:
where A 0 , F 0 R are the strain amplitude and rotation rate of MA65, and F N R is the rotation rate at the neutral point. Further, it is safe to assume that the amplitude marking the onset of nonlinearity behaves smooth near the neutral point, since the rotation rate influences the dissipation effects mainly via the centrifugal force, and the inertial modes participating in mode coupling depend on the Coriolis force; both forces depend on the absolute rotation rate.
For frequencies in the range 0.1-2 times the 2 f 2 -mode frequency of model MA65, the sensitivity curve of advanced LIGO is quite flat. In this range, the upper limit we find for the distance at which we can observe the 2 f 2 mode roughly scales with (
2 . Since model MA65 is close to the Kepler limit, the strain cannot be increased significantly by increasing the rotation rate; on the contrary, we expect that nonlinear effects set in much earlier when approaching the Kepler limit further, as observed for model MC65. Further, we doubt that one can construct models where the frequency of the CFS-unstable 2 f 2 modes is more than three times higher without resorting to extremely unrealistic EOSs. On the other hand, this statement only applies to uniformly rotating stars; it might be fruitful to investigate differentially rotating models as well.
Another restriction for detection of continuous signals is currently given by the limited computing resources for data analysis, which prevents to search the whole parameter space for signals. In particular, searches [50, 51] for continuous signals in early data from the 5th science run of LIGO assumed a maximum time derivative of the signal frequency. Those searches where targeted to signals from spinning nonaxisymmetric neutron stars, based on estimates on the maximum sustainable ellipticity. The luminosity produced by such sources is orders of magnitude below the upper limit we computed for the CFS-unstable 2 f 2 mode of model MA65. Accordingly, our models spin down much faster. Assuming that the mode frequency f c in the corotating frame stays constant, the decrease of the signal frequency, i.e. the mode frequency in the inertial frame, isḟ i = mḞ R , provided that f c < mF R . The spin-down rate can be computed from the expressions for the angular momentum lost by gravitational waves given in [42] and the moment of inertia computed by the initial data code. For the 2 f 2 mode of model MA65 at the upper limit, we compute a signal frequency decrease ofḟ = −5 · 10 −3 Hz/s, which is orders of magnitude outside the ranges searched in [50, 51] . For models closer to the neutral point, luminosity and spin-down rate would be smaller. As a rough f−2 modes at amplitudes where we are confident to observe nonlinear damping. The strain is given for a source at distance 10 Mpc, assuming optimal viewing angle. The lines are estimates for the error due to the Cowling approximation, assuming that only the frequency changes. The error bars correspond to the error due to the use of the quadrupole formula. Other errors are negligible. For comparison, we plot the sensitivity curves of advanced LIGO and the proposed Einstein Telescope (ET).
estimate, we assume that only the frequencies change, while maximum amplitude and oscillation pattern stay constant. The spin-down rate then scales with f 5 i . It is still above the maximum for the whole frequency range 50 . . . 1100 Hz investigated in [50, 51] . Those searches are clearly only sensitive to neutron star oscillations with amplitudes well below the onset of strong damping effects investigated here.
For modes other than the 2 f 2 mode of model MA65, we are not aware of any instability. Nevertheless, we provide limits for a hypothetical instability. Figure 28 and 29 shows upper limits for the strain amplitudes assuming that the instability acts on timescales slower than the numerical damping. Figure 30 gives the strain at saturation amplitude for the optimistic assumption that the hypothetical instability has growth time τ I = 20 T F , where T F is the period of the F mode of the corresponding stellar model.
Besides slowly growing instabilities, oscillations can be excited by sudden violent events, e.g. glitches, magnetar giant flares, phase-change induced collapse ( [52] ), and mergers forming a metastable rapidly rotating star. It is beyond the scope of this article to estimate the amplitude of oscillations excited by such events. We investigate the detectability for a given amplitude, assuming no further excitation. In that case, the amplitude starts decaying due to strong nonlinear damping, until it reaches a threshold where only slow damping occurs.
In order to detect such an event, one could either search in short segments of the detector data for the initial strong signal, or search for the tail by investigating long time intervals. Since any long tail has an amplitude below the onset of strong damping, we already know the 
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Gravitational strain h maximum strain amplitudes, which are given in Figure 28 and 29. The big unknown is the number of available cycles, which depends on the residual damping timescale of the tail, and thus cannot be computed by nonlinear evolution.
To estimate the detectability of the initial peak, we neglect the tail, assume a pure exponential decay, and limit the integration time to T a = 1 s. We define an effective strain amplitude by
where f i is the mode frequency in the inertial frame, and τ is the initial damping timescale, corrected for the numerical damping. The enhancement factor in Eq. (40) was taken from [52] . For low amplitudes where we cannot disentangle numerical and physical damping, we set τ = 1000 s. The results are plotted in Figure 31 . As one can see, the increase in amplitude after the onset of nonlinearity competes with the rapid decrease in signal duration, and in most cases the latter wins. The effect becomes more pronounced when increasing the integration time. When considering the tail again, we find that the detectability does not increase significantly for perturbation amplitudes above the onset of nonlinearity.
V. SUMMARY AND DISCUSSION
In our study, we investigated strong nonlinear damping effects in high amplitude oscillations of various neutron star models, and the limits imposed on the gravitational wave signal. For this, we used a relativistic evolution code, but kept the spacetime fixed.
Our neutron star models are rigidly rotating ideal fluid configurations with polytropic EOSs of different stiffness, and typical neutron star masses in the range 1.4-1.9 solar masses. The oscillation modes we considered are the axisymmetric F and 2 f 0 modes, the corotating 2 f −2 mode, and the counter-rotating 2 f 2 mode. Our main interest is the 2 f 2 mode of one model (MA65), which can be excited by the CFS instability in full GR, and which is therefore a candidate for detectable gravitational waves from rapidly rotating neutron stars.
We found different damping mechanisms for axisymmetric and nonaxisymmetric modes. Axisymmetric oscillations of high initial amplitude are rapidly damped by formation of shocks in the outer layers of the star, until the amplitude falls below a certain threshold. Below the threshold we observed no further energy dissipation on the timescales of our evolutions.
Although we are using a one-parametric EOS, our results accurately determine the onset of shock formation, and provide a first estimate for the magnitude of energy dissipation by shocks. We find that the damping timescale decreases with increasing amplitude, down to a few oscillation cycles. The damping timescale and the threshold vary by one order of magnitude for the different EOSs we investigated. The stiffer the EOS, the higher amplitudes are possible before shocks form, and also the damping observed at the highest amplitudes is faster for stiffer EOSs.
With increasing rotation rate, nonlinear effects start at lower amplitudes. However, the influence of rotation on the damping of axisymmetric modes is relatively weak until close to the Kepler limit, where the damping threshold decreases to zero. At the Kepler limit, damping by mass shedding occurs. We explain this behavior by the fact that the material at the equator is bound less strongly for faster rotation.
For the nonaxisymmetric oscillations, damping is mainly caused by wave breaking and nonlinear mode coupling effects, while shock formation only occurs in low density regions at the stellar surface. As for axisymmetric modes, nonlinear damping sets in at lower amplitudes when increasing the rotation rate or decreasing the stiffness of the EOS.
Since wave breaking is a surface effect, we feel that an accurate description of the damping at high amplitudes requires an improved numerical treatment of the surface and probably a better physical model as well, considering e.g. a hot envelope for a proto-neutron star, a solid crust for a cold star (although in that case, one would also have to add superfluidity), and the influence of the magnetic field.
Significant mode coupling was only observed for rapidly rotating models, where the main mechanism seems to be a 1:2 resonance with high order m = ±2 inertial modes. For CFS-unstable models, such a resonance is always possible. Further, the coupling is most probably active already at lower amplitudes, but on timescales too long for nonlinear study. Since the growth time of CFS-unstable modes is longer as well, it will be necessary to investigate the coupling at lower amplitudes perturbatively to determine the saturation amplitudes. Nevertheless, we were able to provide upper limits.
Next, we computed the gravitational wave strain and luminosity of several modes in the linear regime. The CFS-unstable 2 f 2 mode was found to be a weak emitter; at the same amplitude, the strain is thirty times lower than for the axisymmetric 2 f 0 mode. This is mainly due to the low frequency of the 2 f 2 mode in the inertial frame. To construct models for which this mode is more luminous, one needs to further separate the Kepler limit from the neutral point (where the 2 f 2 mode has zero inertial frame frequency). This can either be done by increasing the stiffness of the EOS, or probably by introducing differential rotation. Since our CFS-unstable model already has a relatively stiff EOS (Γ = 2.46), we consider the latter more realistic.
We also found that the quasiradial F modes of rapidly rotating models emit gravitational waves almost as efficient as the 2 f 0 modes. For the CFS-unstable model MA65, the F mode emits stronger gravitational waves than the 2 f 2 mode at the same amplitude. The reason is that the eigenfunction of the F mode has a considerable quadrupole moment due to the oblateness of the star, as well as the high oscillation frequency.
Further we investigated the gravitational waves produced by oscillations in the nonlinear regime. The maximum strain we observed usually agrees with the values extrapolated from the linear regime up to a factor of 3 (2 for the axisymmetric modes). For the CFS-unstable 2 f 2 mode however, we found that the signal is dominated by secondary modes. We consider those as a feature of our particular setup; their amplitudes most likely depends on the exact way the main mode was excited. To compute the strain for the case of a 2 f 2 mode grown to high amplitude by the CFS instability, it will be necessary to model carefully the growth of secondary modes, especially at higher frequencies. Secondary modes dominate the strain only for the CFS-unstable 2 f 2 mode, because it is the weakest emitter. For models where it has a higher frequency, secondary modes are probably less important.
Finally, we combined the results on strong damping and luminosity to establish upper limits on the GW detectability of various modes. There are two astrophysically relevant cases: a continuous emission by CFSunstable 2 f 2 modes at saturation amplitude, and stable modes excited by some violent event.
From the upper limit for the saturation amplitude of the CFS instability, we obtain an upper limit on corresponding gravitational strain. The detectability of a continuous signal depends on the integration time. If we consider searches using time windows containing at least a few hundred cycles, the 2 f 2 mode (of model MA65) oscillating at the upper limit will be detectable at distances around 10 Mpc with advanced LIGO. This distance scales approximately quadratically with the mode frequency in the inertial frame. Current searches for continuous signals in the 5th LIGO science run are not sensitive to the above source since they exclude the high spindown rates caused by gravitational waves of such strength. We stress again that the actual saturation amplitude may be considerably lower than the upper limits we provided. We also note that we did not take into account the secondary excited modes; a careful study of the couplings during the growth phase might reveal an enhanced detectability.
For stable modes excited by a sudden violent event, we find that the detectability does not significantly increase for amplitudes above the onset of strong damping, since the oscillation is quickly damped below the threshold and stays there. The detectability thus depends on the effective number of wave cycles in the tail, and thus on the residual slow damping at amplitudes near the threshold. If this information becomes available for a given mode, e.g. using perturbative techniques, the detectability can be computed from the luminosities we provided. However, we find that the 2 f 0 modes oscillating near the strong damping threshold are detectable with advanced LIGO at least up to distances of 10 Mpc. The strong damping effects thus impose only weak limits on the detectability of those; for most processes, the important factor will probably be the strength of the excitation.
It is worth mentioning that although some of the questions we rise can only be computed with perturbation theory, only a nonlinear study like ours can provide the necessary limits for the amplitudes at which perturbation theory can be safely applied. Given that the physically most interesting amplitudes are at the transition from linear to the nonlinear regime, we feel that it is necessary to combine linear and nonlinear methods to obtain accurate results on the detectability of oscillation modes.
